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In this article, we investigate association schemes S (on ﬁnite
sets) in which each element s satisﬁes ss∗s = {s}. It is shown
that these schemes are schurian if the partially ordered set of
the intersections of the closed subsets s∗s of S with s ∈ S is
distributive. (A scheme is said to be schurian if it arises (in a
well-understood way) from a transitive permutation group.) It is
also shown that, if these schemes are schurian, the transitive
permutation group from which they arise have subnormal one-
point stabilizers. As a consequence of the ﬁrst result one obtains
that schemes are schurian if their thin residue is thin and has a
distributive normal closed subset lattice (normal subgroup lattice).
This implies, for instance, that schemes are schurian if their thin
residue is a cyclic group.
© 2010 Elsevier Inc. All rights reserved.
1. Introduction
Let S be an association scheme (or a scheme as we shall say brieﬂy) on a ﬁnite set.1 It is easy to
see that, for each element s in S , s ∈ ss∗s. The present paper deals with the case where ss∗s = {s} for
each element s in S .
E-mail address: zieschang@utb.edu.
1 The deﬁnition of a scheme as well as most of the scheme theoretic deﬁnitions mentioned in this introduction will be given
in Section 2.0021-8693/$ – see front matter © 2010 Elsevier Inc. All rights reserved.
doi:10.1016/j.jalgebra.2010.04.013
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closed subset of S . The main result of the present article is the following theorem.
Theorem. Let S be a scheme on a ﬁnite set, and assume that ss∗s = {s} for each element s of S. Then the
following hold.
(i) Assume that the set of the intersections of the closed subsets s∗s of S with s ∈ S is distributive. Then S is
schurian.
(ii) Assume that S is schurian. Then there exists a group G and a subnormal subgroup H of G such that
S ∼= G//H.
If we say that the set P of the intersections of the closed subsets s∗s of S with s ∈ S is distributive,
we mean that
T ∩ UV = (T ∩ U )(T ∩ V )
for any three elements T , U , and V in P .2
Scheme elements s are called thin if s∗s contains only one element, and subsets of schemes which
consist of thin elements only are called thin, too. The uniquely determined smallest closed subset of
a scheme S whose quotient is thin is called the thin residue and is denoted by Oϑ (S).3
In [3, Corollary 2.4(iii)] it was shown that schemes S satisfy the main condition of the above
theorem (namely that ss∗s = {s} for each element s of S) if the thin residue Oϑ (S) of S is thin.
Furthermore, in these schemes, the sets s∗s with s ∈ S are normal closed subsets of Oϑ (S); cf. [3,
Lemma 5.1].4 Thus, the ﬁrst part of the above theorem has the following consequence.
Corollary. Let S be a scheme on a ﬁnite set, assume that Oϑ (S) is thin and that the lattice of all normal closed
subsets of Oϑ (S) is distributive. Then S is schurian.
There is a straightforward way to identify thin schemes with ﬁnite groups; cf., e.g., [7, Theo-
rem 5.5.1]. This identiﬁcation identiﬁes closed subsets with subgroups and normal closed subsets
with normal subgroups. Thus, the corollary says that schemes are schurian if their thin residues are
ﬁnite groups and have a distributive normal subgroup lattice.
Finite cyclic groups as well as direct products of ﬁnite non-abelian simple groups have distributive
normal subgroup lattices. Finite groups with distributive normal subgroup lattices have been charac-
terized in general. In [5], Pazderski showed that, for each ﬁnite group G , the following four conditions
are equivalent. (a) The lattice of all normal subgroups of G is distributive. (b) In every factor group
G/N , any two G/N-isomorphic minimal normal subgroups coincide. (c) In every factor group G/N ,
any two G/N-isomorphic normal subgroups coincide. (d) The socle of every factor group G/N is a
direct product of pairwise non-G/N-isomorphic minimal normal subgroups.
That schemes are not necessarily schurian if their thin residue is a commutative group (and not
cyclic) is due to a well-known non-schurian scheme on a set of 28 elements the thin residue of which
is an elementary abelian group of order 4.
The above corollary generalizes three former results. In [3, Theorem B], it was shown that schemes
S are schurian if Oϑ (S) is thin and if the set of all normal closed subsets of Oϑ (S) is linearly ordered.
In [10, Theorem], it was shown that schemes are schurian if their thin residue is the direct product
of two ﬁnite simple groups of different order. In [2, Theorem 1.2], it was shown that schemes S have
2 The deﬁnition of distributivity which we suggest here is not directly related to the distributivity of the lattice of all closed
subsets of S as one would generalize the distributivity of the lattice of all subgroups of a group. However, in the corollary of
this paper, these two notions are compatible. This is because, in that corollary, all closed subsets of the form s∗s are normal
subgroups of the group Oϑ (S).
3 See Section 4 for the deﬁnition of quotient schemes.
4 A closed subset T of a scheme S is called normal in a closed subset U of S if T u = uT for each element u in U .
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is a very speciﬁc distributive normal subgroup lattice.
The above theorem is part of a program the focus of which is on suﬃcient conditions for schemes
to be schurian. The exchange condition for association schemes is such a condition and leads to a
theorem from which one obtains Tits’ reduction theorem [6, Theorem 4.1.2] on buildings of spherical
type; cf. [8, Corollary]. A condition of completely different type was given in [4, Theorem] and char-
acterizes scheme theoretically the ﬁnite groups which contain involutions which are weakly closed in
their centralizers; cf. [1, Theorem 1].
2. Preliminaries
Let X be a ﬁnite set. We write 1X to denote the set of all pairs (x, x) with x ∈ X . For each subset r
of the cartesian product X × X , we deﬁne r∗ to be the set of all pairs (y, z) with (z, y) ∈ r. Whenever
x stands for an element in X and r for a subset of X × X , we deﬁne xr to be the set of all elements
y in X such that (x, y) ∈ r.
Let S be a partition of X × X with 1X ∈ S , and assume that, for each element s in S , s∗ ∈ S . The
set S is called an association scheme or simply a scheme on X if, for any three elements p, q, and r
in S , there exists an integer apqr such that, for any two elements y in X and z in yr, |yp∩ zq∗| = apqr .
For the remainder of this section, the letter X stands for a ﬁnite set, the letter S for a scheme
on X .
Let P and Q be nonempty subsets of S . We deﬁne P Q to be the set of all elements s in S such
that there exist elements p in P and q in Q with apqs = 0. The set P Q is called the complex product
of P and Q .
It is easy to see that complex multiplication is associative; cf. [7, Lemma 1.3.1]. If one of the factors
in a complex product consists of a single element s, one usually substitutes the factor {s} with s.
A nonempty subset R of S is called closed if pq ⊆ R for any two elements p and q in R .
It is easy to see that each closed subset of S contains 1X as an element and that t∗ ∈ T for each
element t of a closed subset T of S; cf., e.g., [7, Lemma 2.1.6]. Note also that intersections of closed
subsets are closed. In the following, we shall occasionally refer to these observations without further
mention.
Let W be a nonempty subset of X , and let R be a nonempty subset of S . We deﬁne W R to be the
union of the sets wr with w ∈ W and r ∈ R . Similarly to the above-mentioned simpliﬁcation in the
notation of the complex multiplication, we write xR instead of {x}R for each element x in X and Ws
instead of W {s} for each element s in S . Note also that (W Q )R = W (Q R) for each nonempty subset
Q of S; cf. [7, Lemma 1.3.8].
Lemma 1. Let T , U , V be closed subsets of S satisfying
T ∩ UV = (T ∩ U )(T ∩ V ),
and let x, y, z be elements in X with x ∈ zT , y ∈ xU , and z ∈ yV . Then
x(T ∩ U ) ∩ y(U ∩ V ) ∩ z(V ∩ T )
is not empty.
Proof. We are assuming that z ∈ yV and that y ∈ xU . Thus, z ∈ xU V . It follows that UV possesses an
element t with z ∈ xt .
On the other hand, we are assuming that x ∈ zT . Thus, z ∈ xT . Thus, as z ∈ xt , t ∈ T . It follows that
t ∈ T ∩ UV = (T ∩ U )(T ∩ V ).
Thus, as z ∈ xt , z ∈ x(T ∩U )(T ∩V ). It follows that x(T ∩U ) possesses an element w with z ∈ w(T ∩V ).
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From y ∈ xU we obtain x ∈ yU . Thus, as w ∈ x(T ∩ U ), w ∈ yU . On the other hand, we have w ∈
z(T ∩ V ) and z ∈ yV . Thus, w ∈ yV . From w ∈ yU and w ∈ yV we ﬁnally obtain w ∈ y(U ∩ V ). 
3. Faithful maps and faithful elements
Let X be a ﬁnite set, let S be a scheme on X , and let W be a nonempty subset of X .
A map χ from W to X is called faithful if zχ ∈ yχ s for any three elements y, z in W and s in S
with z ∈ ys.
Let V be a nonempty subset of W , and let χ be a faithful map from V to X . We say that χ
extends faithfully to W if there exists a faithful map χ¯ from W to X with χ¯ |V = χ .
Let x be an element in X . For each element w in W , we denote by sw the uniquely determined
element in S satisfying x ∈ wsw . The element x will be called faithful to W if, for each faithful map χ
from W to X , the intersection of the sets wχ sw with w ∈ W is not empty.
Lemma 2. Let X be a ﬁnite set, let S be a scheme on X, let W be a nonempty subset of X , and let x be an
element in X. Then x is faithful to W if and only if each faithful map χ from W to X extends faithfully to
W ∪ {x}.
Proof. For each element w in W , we deﬁne sw to be the uniquely determined element in S satisfying
x ∈ wsw .
Assume ﬁrst that x is faithful to W , and let χ be a faithful map from W to X . We have to show
that χ extends faithfully to W ∪ {x}.
Since x is assumed to be faithful to W , we ﬁnd an element in the intersection of the sets wχ sw
with w ∈ W . We ﬁx one of the elements in this intersection and call it xχ¯ . For each element w in W ,
we set wχ¯ := wχ . Then we have xχ¯ ∈ wχ¯ sw for each element w in W . It follows that χ¯ is a faithful
map from W ∪ {x} to X .
Assume that each faithful map χ from W to X extends faithfully to W ∪{x}, and let χ be a faithful
map from W to X . Then there exists a faithful map χ¯ from W ∪ {x} to X with χ¯ |W = χ . Thus, we
have xχ¯ ∈ wχ¯ sw = wχ sw for each element w in W . Thus, xχ¯ is contained in the intersection of the
sets wχ sw with w ∈ W . 
Let G be a ﬁnite group, and let H be a subgroup of G . For each element g in G , we deﬁne gH to
be the set of all pairs (eH, f H) with e ∈ G and f ∈ eHgH . Setting
G/H := {gH | g ∈ G} and G//H := {gH ∣∣ g ∈ G}
one easily obtains that G//H is a scheme on G/H .
Let X and X ′ be sets, let S be a scheme on X , and let S ′ be a scheme on X ′ . A bijective map χ
from X to X ′ is called an isomorphism from S to S ′ if there exists a bijective map σ from S to S ′ such
that
(xs)χ ⊆ (xχ)(sσ)
for any two elements x in X and s in S . The map σ is called the bijection associated with χ .
Two schemes S and S ′ are called isomorphic if there exists an isomorphism from S to S ′ . If two
schemes S and S ′ are isomorphic, we indicate that by writing S ∼= S ′ .
A scheme is called schurian if it is isomorphic to G//H for some group G and some subgroup H
of G .
An isomorphism χ from a scheme S to itself is called an automorphism of S if the bijection asso-
ciated with χ is the identity.
Note that an automorphism of S is the same as a faithful map from X to X .
3576 P.-H. Zieschang / Journal of Algebra 324 (2010) 3572–3578Lemma 3. Let X be a ﬁnite set. A scheme S on X is schurian if and only if, for any ﬁve elements y, y′ in X, s in
S, z in ys, and z′ in y′s, S possesses an automorphism χ such that yχ = y′ and zχ = z′ .
For a proof of Lemma 3, the reader is referred to [9, Theorem A].
Lemma 4. Let X be a ﬁnite set, and let S be a scheme on X. Assume that each element of X is faithful to each
nonempty subset of X . Then S is schurian.
Proof. Let y and y′ be elements in X , let s be an element in S , let z be an element in ys, and let z′
be elements in y′s. Deﬁne yχ := y′ and zχ := z′ . Then χ is a faithful map from {y, z} to X .
Among the subsets of X containing y and z to which χ extends faithfully we chose W maximal,
and we assume that W = X .
Since χ extends faithfully to W , there exists a faithful map χ¯ from W to X with χ¯ |{y,z} = χ . Let
x be an element in X \W . Then, as x is assumed to be faithful to W , χ¯ extends faithfully to W ∪ {x};
cf. Lemma 2. This contradicts the (maximal) choice of W .
Thus, W = X . In particular, χ extends faithfully to W . This means that S possesses an automor-
phism which maps y to y′ and z to z′ . Now the claim follows from Lemma 3. 
4. Proof of the theorem
The following lemma is the key to the proof of the ﬁrst part of our theorem.
Lemma 5. Let S be a scheme, assume that ss∗s = {s} for each element s of S, and assume that the set of the
intersections of the closed subsets s∗s of S with s ∈ S is distributive. Let W be a nonempty subset of X , and let
x be an element in X. Then x is faithful to W .
Proof. Let χ be a faithful map from W to X . For each element w in W , we denote by sw the uniquely
determined element in S satisfying x ∈ wsw . We have to show that the intersection of the sets wχ sw
with w ∈ W is not empty.
The statement is an immediate consequence of the deﬁnition of a scheme if |W |  2. Thus, we
assume that 3 |W |.
Let u and v be elements in W with u = v . Deﬁne U := W \ {v} and V := W \ {u}. By induction,
we may assume that x is faithful to U and to V .
Since χ is a faithful map from W to X , χ |U is a faithful map from U to X . Thus, as x is faithful
to U , the intersection of the sets wχ sw with w ∈ U is not empty. We ﬁx an element in this intersec-
tion and call it y. Similarly, the intersection of the sets wχ sw with w ∈ V is not empty, and we ﬁx
an element z in this intersection.
For the remainder of this proof, we set Ts := s∗s for each element s in S . Note that sTs = {s} by
hypothesis and that Ts is closed for each element s in S .
For each element w in U ∩ V , we have y ∈ wχ sw and z ∈ wχ sw . From y ∈ wχ sw we obtain
wχ ∈ ys∗w . Thus,
z ∈ ys∗wsw = yTsw
for each element w in U ∩ V . Thus, deﬁning T to be the intersection of the closed subsets Tsw with
w ∈ U ∩ V , we have z ∈ yT .
Since u ∈ W , x ∈ usu . Similarly, as v ∈ W , x ∈ vsv , and then v ∈ xs∗v . It follows that v ∈ usus∗v . Thus,
sus∗v contains an element s with v ∈ us.
Since {u, v} ⊆ W and χ is assumed to be a faithful map from W to X , we obtain from v ∈ us
that vχ ∈ uχ s. Thus, as s ∈ sus∗v , vχ ∈ uχ sus∗v . Thus, there exists an element a in uχ su such that
vχ ∈ as∗v .
From a ∈ uχ su one obtains uχ ∈ as∗u . Thus, as y ∈ uχ su , y ∈ as∗usu = aTsu . Similarly, one obtains
a ∈ zTsv . Thus, as z ∈ yT , there exists an element c in
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cf. Lemma 1. (Recall that T ∩ Tsu Tsv = (T ∩ Tsu )(T ∩ Tsv ) by hypothesis.)
From c ∈ y(T ∩ Tsu ) and y ∈ uχ su we obtain
c ∈ uχ su(T ∩ Tsu ) = uχ su .
Similarly, as c ∈ z(Tsv ∩ T ) and z ∈ vχ sv ,
c ∈ vχ sv .
Finally, for each element w in U ∩ V ,
c ∈ yT ⊆ wχ sw T ⊆ wχ sw Tsw = wχ sw .
Thus, c ∈ wχ sw for each element w in W . 
The ﬁrst part of our theorem follows immediately from Lemma 5 together with Lemma 4.
Let S be a scheme, and let T be a closed subset of S . For each element s in S , we deﬁne sT to be
the set of all pairs (pT ,qT ) with p ∈ S and q ∈ pT sT . Setting
S/T := {sT | s ∈ S} and S//T := {sT ∣∣ s ∈ S}
one easily obtains that S//T is a scheme on S/T ; cf. [7, Theorem 4.1.3(i)]. The scheme S//T is called
the quotient scheme of S over T .
Given a closed subset T of a scheme S we set
T s := s∗T s
for each element s in S .
Lemma 6. Let S be a scheme, let T be a closed subset of S, and let s be an element in S with ss∗ ⊆ T . Then
sT (sT )∗sT = {sT } is equivalent to T T s = T sT .
Proof. From [7, Lemma 4.1.4] we know that
sT
(
sT
)∗
sT = {sT } ⇔ T sT s∗T sT = T sT .
Since we are assuming that ss∗ ⊆ T , we have
T sT s∗T sT = T sT ⇔ T sT T sT = T sT ,
and the latter equation says that T sT is closed.
From ss∗ ⊆ T one also obtains that T s is closed. Thus, T sT is closed if and only if T T s = T sT ; cf.
[7, Lemma 2.1.1]. 
The following lemma is well known.
Lemma 7. Let G be a ﬁnite group, and let H be a subgroup of G. Assume that HHg = HgH for each element g
in G. Then H is subnormal in G.
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Among the elements g in G with Hg = H we ﬁx g such that HgH is minimal. We claim that H is
normal in HgH .
Assume that H is not normal in HgH . Then HgH possesses an element f such that H f = H . Since
f ∈ HgH , H f H ⊆ HgH . Thus, as H f = H , the choice of g forces H f H = HgH . Thus, as f ∈ HgH ,
f ∈ H f H = HH f . Thus, there exist elements d in H and e in H f such that f = de. It follows that
H f = Hde = He . Thus, as e in H f , H f = H , contradiction.
Now the claim follows by induction. 
We conclude this section by proving the second part of our theorem, and in order to do so we ﬁx
a scheme and call it S . We assume that S is schurian and that ss∗s = {s} for each element s in S .
Since S is assumed to be schurian, there exist a group G and a subgroup H of G such that S ∼=
G//H . We may and shall assume that S = G//H .
Let g be an element in G , and set s := gH . Then, as S = G//H , s ∈ S . Thus, by hypothesis, ss∗s = {s}.
It follows that gH (gH )∗gH = {gH }. Thus, by Lemma 6, HHg = HgH .
Since g has been chosen arbitrarily in G , we have shown HHg = HgH for each element g in G .
Thus, by Lemma 7, H is subnormal in G .
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